tion series for the Noetherian factor modules of an Artinian ring (Proposition 2). We use Theorem 1 and Proposition 2 to prove that an Artinian ringi^ is Noetherian provided that each cyclic Noetherian submodule of R is embeddable in some Noetherian factor module of R. In a more general setting we have Theorem 7. For a module M over an Artinian ring R let each cyclic submodule of M be embeddable in some Noetherian factor module of R. The following conditions are equivalent: (1) M is Noetherian ; (2) M is Artinian ; (3) each factor module of M does not contain an infinite direct sum of nonzero submodules. 
Artinian modules. Let

Proof. If a module M is Artinian and Noetherian then L(B) ^ L(M)
for any submodule B of M. We prove the converse. Let M denote an Artinian module over a ring R. We define a recursive sequence {K n } of submodules as follows: let K\ = s(M) and let K n+ i be the submodule K n with the property that
The socle is finitely generated (hence Noetherian) in a factor module of an Artinian module. Therefore, K\ and K 2 /Ki are Noetherian. It follows that K 2 is Noetherian and also each K t is Noetherian for i ^ 1. If Kj = K j+1 for some j, then s(M/Kj) = (0) + K j /K j and M = Kj. Thus M is Noetherian. To complete the proof we will show that the condition K n C K n +i for all n ^ 1 leads to contradiction. It suffices to prove that x G K n+ \ -K n for all n ^ 1 implies L(xR f ) ^ n + 1 for this would contradict the hypothesis. We argue by induction. If
and L(qR') ^ n by the induction step. Therefore, L(pR r ) ^ n + 1 and this completes the proof.
3. Artinian Rings. PROPOSITION 
There is a bound for the set of lengths of the composition series for the Noetherian factor modules of an Artinian ring.
Proof. Let R denote an Artinian ring and let H = {K: K is a right ideal in R and R/K is a Noetherian module}.. Suppose A and B are in H. We claim that the intersection A C\ B is in H. Clearly R/A is Noetherian implies the submodule A + B/A is Noetherian. Therefore, B/A Pi B which is isomorphic to A + B/A and R/B are Noetherian and thusi^/^4 Pi B is Noetherian. Hence A P £ is in H. Since i^ is Artinian there does exist a minimal element Proof. Let R denote an Artinian and Noetherian ring. For x £ R the cyclic submodule xR! is isomorphic to the submodule xR r + (0)/(0) of the Noetherian factor module R/(0). For the converse, the hypothesis and Proposition 2 imply that there is a bound for the set of lengths of the composition series for the cyclic Noetherian submodules of the ring. Theorem 1 forces the Artinian ring to be Noetherian.
We point out that if a ring is Artinian and Noetherian then a cyclic submodule need not be isomorphic to some factor module of the ring. Let R denote the ring generated by a and b subject to a 2 
COROLLARY 4. An Artinian ring, in which a principal right ideal is isomorphic to a factor module of the ring, is also a Noetherian ring.
Proof. The proof follows from Theorem 3. [3, p. 69] . We give a similar result for modules over Artinian rings without 1.
Modules over Artinian rings. It is known that a module over an Artinian ring with 1 is Noetherian if and only if it is Artinian
Recall a module is said to be (Goldie) finite dimensional if it does not contain an infinite direct sum of nonzero submodules. Proof. The implication, (1) implies (2), follows directly from Proposition 2 and Theorem 1. The implication, (2) implies (3), is clear. We show (3) (1) holds. This completes the proof.
